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Constructive Paraconsistent Logic: goals and motivations

To introduce a Paraconsistent Arithmetic which gaoperly fit in the main
stream of Proof-Theory and Provability Logic of €d&cal Arithmetic and
Intuitionistic Arithmetic énd, possibly, Classical and Intuitionistic Anag)siThe idea is
that paraconsistent reasoning, intuitionistic reasmand classical reasoning can

be compared as different ways to think aboutstdmae elementary mathematical
objects.

Basic program
- Starting from the paraconsistent logic framewak Logic of Formal
Inconsistency(LFIl) (Carnielli et al. 2002) theC-systems bC, Ci, Cil are

selected [[FI's systems can possibly support contradictiéfk: A without trivializing,
but they do non prove contradictions. theyare not dialectical logics]

LFI s' extend the classical language through a momadjoositional connective
°(.), such that the intended meaning BfiS

“B IS consistent” that is “B<and notB>> does not hold”,

Formulas of the formA are calledocal consistency assertions.
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Basic program

- The sequent versionBC, CI, CIL are provided, and the cut elimination
property is proven (Gentilini 2005, 2009)

- An arithmetical semantics is given which interpret€-system formulas into
Provability Logic sentences of classical Arithmd®id: thus, it links the notion
of truth to the notion of provability inside a cd&sal environment. In particular,
the intensional paraconsistent negatisnin general interprete@ds a non-

provability condition, i.e. d(-B) =~ PrpA (¢(B))

- BC, CI, CIL admit arithmetical models (Gentilini, 2009, 2011).

Arithmetical semantics selects a class of some coadictions Bl =B that are
true in the arithmetical models. We call theamstructive contradictions.
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Extended program

- To define aformal notion of constructivity for LFI- paraconsistent logic
(Gentilini 2011). It is shown th&l is aconstructive paraconsistent system.

-To explore a kind of Weakened Hilbert Program referred toCl-based
Primitive Recursive Arithmetid®RACI (with atomic induction up tay) and
Cl-based Arithmeti®®ACI (with induction up taw on arbitrary formulas.

CONJECTURE

[PACI induction on w)] plus [“finitistic” statements given by finite propositional
combinations H(°Bz1,°Bz,...,°Bn) of local consistency assertions| can prove the
absolute consistencynd thenegation consistencyf PACI andPA.

(.,e a weak “finitistic” extension oPACI proves theabsolute consistenc\of
PACI)
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MAIN CONJECTURE (MC)

a)There exists &nite set Q = {Bj[1=B;} of constructive contradictions in the

arithmetical language such th@t-based Elementary ArithmetieAl plus Q
(without induction) is paraconsistent and proRP&ACI -induction pssuming that

no system amongAl plus Bj , EAI plus-B; proves any inductidn

b)There exists dinite setQ = {F;[=Fj} of constructive contradictions in the

arithmetical language such tHARACI plus Q is paraconsistent and proves both
the consistency and the negation-consistendyfofnd all thePA-theorems of

complexity 1 [assuming that no system amoR&ACI plus Fj, PRACI plus —F;
proves any non atomic induction]

If MC holds, then very strong arguments against Churthésis can be shown
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Sequent C-systems BC, CI, CIL : propositional part
Axioms: A0 A

Positive propositional logical rules (X, I,...multisets):

Broa Broa
ADB,T |0 A BUATID A
roaA A0 X,B

rLA|O A, X, ADB

ro A A Mo A A

R
ro A, AOB Mo A BOA

AT|OA  BA|D X
AOB,T,A|D A, X
ATDAB roaA  BAOX

roaA-B A~ B,I,A|O A,X

S-L
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The Paraconsistent sequent systems Cl and CIL
Cl Negation rules:

ATDA AT D AA
~=AT|O A A AL A
Mo ACA ATIOA .
-°*ATIOA ro a,-A

The formula’A in the--L3 premise is theonstraint formula of the rule
Introduction rule for °(.) inClI :
AC-AT|O A
Mo a,°A
The systenCIL is the extension dl through the following rule L5:
[ \D A, AL-A

- (AO-A)T ‘D A
AR A)inthe L5 premise is theonstraint formula of the rule

RCIi

- — LS
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The Paraconsistent sequent systems Cl and CIL

BCis ClI minus [ RCi, --L4]
Structural rules:

ro a F‘D A
W-R
rio o, A AT|O A

Weakening rules

roAA  AA|D X

Cut rule Cut
MA|O A X
. MU AAA A AT IO A
: C-R Zallll i
Contraction rules I'\D AA ATD A C-L
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DIAGONAL NEGATION RULES

We will discuss about constructivity only for papasistent systems endowed
by diagonal negation rules:

DEFINITION A sequent rule introducing negation is diagonal if the auxiliary
formula is at the left (right) side of the premise and the principal formula is at
the right (left) side of the conclusion. We call left (right) diagonal negation rules
those with the principal formula at the left (right) side of the conclusion.

A diagonal negation rulenoves the formulg changing the sequent side at
which it occurs.
AT|O A
—|—|A, r ‘D A
We will focus on diagonal negation rules. A relevelass of diagonal negation
rules is given by rulewith the constraint formula property:

- —L1 IS NOT diagonal
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Negation rules with the constraint formula property

DEFINITION
1) A left diagonal negatiorrule of a systen hasthe constraint formula
property if it has the following form:

®,r |0 A, A
- A®, [0 A

where exactly one of the following cases holds:

H

a) the setb is empty, and\ is a fixed formula schemg,;

b) no constraints are posed Amand the se® is a singleton including a fixed
formula schema, such that infinitely many instances2ofre neither theorems
nor bottom particles dfl. In eachH-instance, th&-instancedis calledthe
constraint formula of the rule instance.
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Negation rules with the constraint formula property

i) A right diagonal negation ruleof a systentJ hasthe constraint formula
property if it has the following form:

B,I|0 AW
Mo AW, -B

where exactly one of the following cases holds:

c) the setV is empty and is a fixed formula schentg;

d) no constraints are posed Brand the seW is a singleton including a fixed
formula schemé&l such that infinitely many instancesldfare neither theorems

nor bottom particles ob). In eachR-instance, thd1 instanceo is calledthe
constraint formula of the rule instance.
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Assumption

Paraconsistent systerase characterized Wdgft diagonal negation rules having
proper constraints on thieft side (for example the--L3 rule of Cl) and
(general)-intuitionistic systemsare characterized byight diagonal negation

rules having proper constraints on tight side (for example the--R rule of
LJ)

Then, it is relevant to formalideft diagonal rules constrained on the left,
andright diagonal rules constrained on the right.

BC, CI, CIL provide examples of left diagonal rules with the constraint
formula property:

"ATIO AA Mo A °A
°A -Arga @ “ —AToa M
rjo A, AC-A
- (AO-A)T [0 A

- — LS
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Relationship between intuitionism and paraconsistencybackground

1 Brunner-Carnielli duality (connective duality)
Through a dualization operation (.)* on connectives 1B)* = ALIB, (ALB)* = ALB

(A-B)* =B*—A*, (-A)* = T—A* [where*“ —" isthe (intensionalpseudo-
difference or coimplication connectiveffrom an intuitionistic propositional system S, a
dual system S* can be defined which is paraconsistent.
- A. B. M. Brunner, W. A. Carnielli, “Anti-intuitioism and paraconsistency”, Journal of
Applied Logics 3(1), 2005, 161-184.

2 Urbas-Aoyama duality (sequent duality )
The paraconsistent systeiridJ of Urbas andDl of Aoyama are (essentially) defined
through the converse of the condition for Intuitsir@ LogicLJ: in DI, LDJ each
sequent in a proof has at most a singleton as antdceden

- I. Urbas, “Dual-Intutionistic Logic”, Notre Damiournal of Formal Logic, 37,

3, 1996, 440-451.
- H. Aoyama, “LK, LJ, Dual Intuitionistic Logic, @ahQuantum Logic”, Notre
Dame Journal of Formal Logic, 45, 4, 2004, 193-213.
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Proof-Theoretic formalization of paraconsistencyintuitionism duality

We formally introduce the idea thatanstructive paraconsistent systeh
should have amtuitionistic reference systenv from which the negation rules
of U can be obtained through canonical manipulations.

Essentially, we expectland of antisymmetry relation between premises and
conclusions of the diagonal negation rules of twe systems, linkingleft
diagonal negations of U to right diagonal negations of V.

This imposes to enlarge the class of intuitionisiystems to that gbseudo-
Intuitionistic systems

DEFINITION Let V be a sequent system in the language of Logic of Formal
Inconsistencyincluding the positive rules of classical logic LK and endowed by

diagonal negation rules. Then V is a pseudo-intuitionistic systemif it has cut-
elimination and, moreover, infinitely many instances of the excluded middle

principle BL =B and of the left double neqgation principle—-B — B are not V-
provable.
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Introducing negation-dualrules

DEFINITION LetH be a left diagonal negation rud¢ a sequent systebhin
the language of Logic of Formal Inconsistency. Ttlennegation-dual ruleE
of H is a_right diagonal negation ruse defined:

) if H has not the constraint formula property, i.e & ttee form:
[ \D A, A

SATD A

thenE has the form
B, Q \D [

E
Q0 N,-B
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Introducing negation-dualrules
i) If H has the constraint formula property, i.e it hasftrm:

D, \D A, A
- AP, T \D A
where® andA are as established abotieen:
a) if @ is empty and is the fixed formula schemathenE has the form:

—u/\,Q\D [l £
Q\D [1, 2= A

b) if ® is not empty the& has the form:
B,Q\D [, 2 £

Q \D ,-2,-B
whereX is the formula schema included in the singleton

Thus, we apply an antisymmetry operation to thestamt formula ofH. As

evident,E is a right diagonal negation rule with the consatrformula property.
The negation-dual rule of a right diagonal negatiorrule is obtained analogously
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EXAMPLE

PROPOSITION The negation-dual rules of the rules-.L3, =-L4, =-L5
of the system8C, CI, CIL are the following:

AQ|D M,-°A ~°A Q|0 M,
Q0 N,-"A-A Q0 nN,--°A
- (AC-A), Q|0 N

Q |0 N,~=(AO-A)

- —R4

7 7RSS

BUAHHABHAH AR AR AR AR AL B AR AR B R AR R A R B R R

A0 AA _ |3 NOA°A __4
°A, - AT |0 A ~°ATOA

rjo0 A, AC-A
- (AO-A)F |0 A

- —L5
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The negation-dualsystem V of a paraconsistent system U

DEFINITION Let U be a paraconsistent sequent system in the language of
Logic of Formal Inconsistency, such that applying to U the standard translation
t with t(°A) = - (A= A) a formulation of a subsystem of Classical Logic LK is
obtained, and such that U has both left anf right diagonal negation rules. Then
the negation-dual systenmd -U of U is [structural and positive rules of LK]
plus [negation-dual rules of the diagonal negation ruleef U]:

Pseudo-constructiv@araconsistent systems

DEFINITION Let U be a paraconsistent sequent systemin the language of

Logic of Formal Inconsistency, such that the negation-dual systemnd —U can
be defined. Then we say that U is pseudo-constructiveif U has cut-elimination

and nd —U is pseudo-intuitionistic.

Then, in general, a bit of work is needed in order to establish the pseudo-
constructivity of a system.

The interesting point is to investigate the cordinity of paraconsistent
systems whose diagonal negation rules hageconstraint formula property.
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Declarative constructivity

We note that theonstraint formula of a diagonal negation rule of a system
In a senseleclares (and measures) thlikstancebetweenJ and Classical Logic
LK. Thus:

DEFINITION Let U be a pseudo-constructive paraconsistent system. Then,
U isdeclaratively constructiveif it has left diagonal negation rulesvith the
constraint formula property

THEOREM The negation-dual systend -U of Cl is given by:
[structural and positive rules of LK ] plus

A QL TI,-°"A —°
: ‘ i ~-R3 A’Q‘D I, - —R4
Q0O I,=°A-A Q |0 M,=-=°A

(0 A, A _

AT A

and it is a pseudo-intuitionistic system.

COROLLARY: CI is a declaratively constructive paraconsistentesys
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Canonical constructivity: negation as unprovability condition
We recall that a seminal idea in constructive mathtics is that the negation of
A must express an unprovability conditionfof

ARITHMETICAL SEMANTICS for paraconsistent-systems can formalize
negation as unprovability conditioGNUC).

DEFINITION Let U be a paraconsistent sequent system in the langofage
Logic of Formal Inconsistency. Amrithmetical interpretation of the U-

language is a triplaN, PA, ¢ ) where:
- N is the standard model of Classical Arithm&is;

- ¢ is an application such that atomic propositiormmahfulas p;, py,.. are sent
into PA-formulas of the form€onW;j , - ConW,,... i.e

- [XProwyj (x,#0=1),[X Prowy;j (X,#0=1),...Wj, Wj. . consistent axiomatizable
extensions oPA,;

- for each compound formuB, ¢ (B) is a formula oPA-Provability Logic.

Bis true in (N, PA, ¢ ) if N/=¢ (B) in the standard sense.
(N, PA, ¢ ) is anarithmetical model of U if N /= ¢ (A) for eachU-theoremA.
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Negation as unprovability condition
In particular we have that, for compound formulas:
If B is not a positive classical formula then:

¢ (°B) = ConPA
¢ (-B)= - PrpA (6(B)) if ¢ (B) is N-false

PrpA (9(B)) if ¢(B) is notPA-provable andN-true
- PrP A (¢(B)) if ¢ (B) isPA-provable

THEOREM BC, CI, CIL admit arithmetical models

DEFINITION Let U be a declaratively constructive paraconsistent system.
Then U Is canonically constructive if it has the following formal NUC-

property: U admits an arithmetical moddl (N, PA, ¢ ) such that for infinitely
many non-atomic formulas B of U we have ¢ (- B) =~ PrP A (9(B)).

PROPQOSITION: CI is a canonically constructive paraconsistent syste



