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OUTLINE
Inferential semantics for Type Theory LKw

LKw: a Sequent formulation of Type Theory
Abstract Deduction Structures (ADS) in LKw-trees
Comprehension rules and Comprehension ADS

Inferential Algebra Inf A
Interpretations and semantical frames w.r.t. Inf A and completeness

LKw as semantical environment for first order logic

Searching for a semantics of first oder proofs:

- the Inf A sub-algebra characterizing standard first order logic LK1
- bounded complexity of models of LK1-formulas and c ompleteness

Work in progress

The Inf A sub-algebras characterizing standard finite order logic S
(second order and so on)
Semantics of proofs for finite order logics
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(Formal )Inferential semantics: general aims

Formal Inferential semantics for higher order lo@i©L) is a research program
that aims to develop the following perspectives:

To give a semantics for HOL having a constructivaracter

To allow a formal semantical distinction betweeramag and truth value of a
sentence

To produce the tools for a constructive semantiga@ofs

Essentially, typedormulas are interpreted into an algebra of segtrees, and
suitable effective reductions between trees coomrsgo the logical connectives
of the interpreted formula

Seminal idea: to interpret formulas (statements, sentences,...) @iredicate
logic into quantification acts (cognitive level) e. into quantification rules

for and [ (logical level)
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Language of Type Theory ala Church: notations
(We assume as known the languag#-céliculus

Logical constants

1) propositional logical constants

negation-, o disjunctionb . 0 - o)
conjunction [b_ (o)

implication [lo_(0-0)
syntactic symbol for “true sentencé€” and
syntactic symbol for “false sentendd”, both of typeo .

If Ao, Bo are arbitrary formulas of type the following writings are used:
—|A fOI‘ 1050 AO

ALB for [(b-(0-0)A0)Bo

ALIB for (- (0-0)A0Bo

ALB for (o (0-0)Ao) Bo

A~ B for (AdB)U (BLA) (all the resulting formulas have

typeo)
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Language of Type Theory
2) quantifier logical constants for each typea we have the following
contants:

existential constant [lq_0) -0
universal constant [ _o) -0

For each arbitrary 8the following writings are used:

[ XaB for Eka—»o) oA XaBo
DX(XB fOI‘ D((x_,o) _,o)\ X(]Bo

3) Equality constantsfor each typer we have the equality constant
— a-(a -0)

Itis written As=g Bg for (=g_.@ -0)Ap)Bs

[Ca/Mq]Bg is the result of the uniform replacement of eachurrence of
the term My in Bg with Cq4



The sequent system Lk

[QA 11,0, ... meta-expressiongor _sets ofo-typed formulas and A,B,C,D,... for isolated
formulas. Q, A stands for QLA |

0) Logical axioms

01): AU A A atomic formula
02) o T 1L

1) Logical rules
Propositional logical rules:

Brioa . B, 0 A
AOB,[|0 A BOAT|D A
roaA  AlDX,B

r,A|O A X, ADB

[FR
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The sequent systemLK ¢y : Propositional logical rules
Mo A A Mo A A
[FR
ro a,AOB ro a,BOA

AT|OA  BA|D X
AOB, I, A|O A, X

AT|0 A B rjoaA  BA|D X
rjo a,Aa0B “R ADB.T,A|D A X

L-L

ATI|O A
roAA __ | | -

~ATIOA ro a,-A
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The sequent system Lkp: 1i)) Quantifier logical rules

[ta/%JATIO A 5_ | M0 A [bal/xa]A o
IXg AT L A [0 A LXg A

[ba/xq]A IO A M0 Afta/ XA
SGAFOA = % TOADGA - F

t arbitrary term, b free variable which does not occurlipA. Moreover,t may be not
fully quantified whileb must be uniformly replaced by

1iii) A-rule:
[* [ A A
[ /---A

where the setd” andl *and the setd& andA* differ only in that zero or more formulas in them

are replaced by some formulas to which they geonvertible. freduction may work either
upwards or downwards.



10

The sequent system Lk: 2) Structural rules:

ro A F‘[I A
W-R

o a,A AT|O A

ro AA  AAO X

Weakening rules

Cut rule Cut
MAIO A X

3) Typed equality axioms

31) U to =a la

ty arbitrary
3ii) L (Ao=0Bo) « (Ao~ Bo)
i) w=a fa, W=arla, G=arla | ta=a0
3iv) ta =a fa | Ada-o la=0Aa-0 fa
3v) Extensionality axioms
(X (Fp-aXp =a Gp-aXp)ll (Fp-a =p-a Gp-a) .o , Gg_a arbitrary
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Complexity measures on types

Two measuresn types are considered:

Order of a type: ord(o) =1 ord(i)=0

let thecondensed writingftber;- - ... Tm—>a, a atomic type;
then:

ord (7)= max {ord(r),...,ord(7m)} + 1.

Heigth of a type: h(i))=0 h(0)=1
h(a - p) = max{h(a), (H)} + 1.
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Comprehension Axiom and Comprehension Rules

It Is well known the centrality o€Comprehension axiom in higher order
logic

Relational writing(in standard predicate logic languageof the schema
OXyat. OXym™OYp OZa1...0Zan™(Yp (Zadl,... Zan") )

where¢ is an arbitrary formula having variables includedhe sef Xat...O0Xym™,
Zo1l,...Zan" }, so thatYgis not avariable of$, 5= [a,...,0n,0

Functional writing in theLK ¢ylanguage:

[(fa1-.. ~an_ B [Xa1l....0%an (fa1 - ... ~an - B Xa1l...Xan" =p BB)

Bg arbitraryStyped formula,
fa1- .. ~an - p bound variable which cannot coincide with any fvadable inBg
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Comprehension rules
We also call Comprehension rules (briefly Comp-rules) the[}R, [-L rules actingon

arbitrary formulas of arbitrary type

ta/x]ATIOA _ [0 Alta/xlA o .
O AT D A o A DA

we remark that the relevant part of higher ordfrence is expressed by them

It is well known that: :
In a sequent version of type theory, Comprsioen Axioms are fully

expressed by a definition aftR, U-L rules such that for any type
arbitrary formulas t« can be quantified

Seminal idea (second version): to Interpret formulas (statements,
sentences,...) of predicate logic [and of full higheorder predicate logic]
Into sequences of comprehension rules
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Abstract Deduction Structures (ADS) in LK ) -trees

Let P be anLK (proof tree. A Comprehension abstract deduction
structure linked to KComp ADSin P) is any finite sequence= {A g},
j=1,...r, r=2, of formula occurrenceis P, 3 arbitrary types, built as follows:

J) a seR of Comp-ruleoccurrences{®i,..., Rn}, h=1 has been selected
In a same branch of P, such tlgat occurs above .4 In the branch;

JJ) havingR, a sequenc® of ordered pairs of formula occurrences

{(t1, £1), ..., (t n, th)) is chosen, such that occurs as subterm in the
auxiliary propositionof ® ; and ¢; occurs as subterm in the principal
propositionof ;. t1 IS the®-axiom, 1S thed -theorem.

The cardinalityh of R is thelength of © .
If Ay Is the® -axiomand B.is the® -theoremthe inferential type ©(®) of
D is y- O.
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Abstract Deduction Structures (ADS) [Gentilini-Martelli IC Section 3]

A choice criterionfor a Comp-ADS in P is &,—formula in the language of
Primitive Recursive Arithmeti®RA that expresses, for each element of the
ADS, a set of recursive properties that it must has with respect to P A set
of P-Comp ADS’s admittind®RA-equivalent choice criteria constitutaskind
of Comph- ADS's in.P

By the Comp AD&% we extend the notion of deduction in a way that
emphasizes the Comp-rules action.

It is not required that the elements of the ADSlgy-theorens in the standard sense,
and their types may be arbitrary

Thus , we have at disposal two forms of deductionnference) the standard
seguent deduction, and the non-standardabstract deduction

Such duplicity allows to produce an inferenbal referential semantics fauK ¢y

the interpreting sequent trees belong to Ll -syntax but the semantical role is
played (mainly) by the non-standard deduction, whih is not included in LK
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Inferential models through Comp- ADS’s (i.e. non-sindard deduction)
Having defined the Comp-ADS’s, an informal sketé¢hlthe inferential models
can be stated:
formulas of full higher order logic are modeled dbgh instances of the
Comprehension Axiom, i.e. Comp-rule instances

by employing domains formed biXw- sequent trees, in which suitable kinds of
Comp-ADS’s occur, such that each tree is canonicadisociated to a closed

L Kw- formula.

The most significant sequence of Comp-rules intrine, i.e. the main Comp-
ADS , represents the type and the logical structdirtne modeled formula.

Moreover, a constructivenferential algebra between the sequent trees of the
domains is defined, so that logical connectives rmaxleled by corresponding
operations between trees

Remark that we construct a referential/denotationalsemantics: the sequent trees in
the inferential algebra (even if syntactically fornmed by two forms of deduction, the
standard one and the abstract one) are external objecw.r.t the interpreted

language (the non-standard deduction is not defineith LK w syntax)
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The ADS kind on which inferential semantics is baske

The main challenge is to select a relevant andemspre kind of Comp
ADS in a sequent tree.

Such problem is solved by introducing the ADS kikxdof the critical
chains

[See Gentilini-Martelli IC Section 6]
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3-R

a‘dlﬂ---,.; tr—c3 | Efa-Crr |_ Elzr,l—*e:- El.""h.ﬂ---- | 7—e2) I_:-:'-'—ri'{_"-"] ___IRR
= A!}__[ﬂ_,{?]ﬂ,r,cﬁ e 3}:‘(__1—:.-[ o— o) [Er,l—-u':fi'] _E; R
= 3w, L‘ﬂl”__L,q---.:;.;B.:n o H:fi'; L
=3I, [A, oo BoCo D W, B i s

Na, 3w, X, O W,

The following is ecritical chain :

C: <Ao-© - o) Yo-(0 -0), Yo-(0 -0) Bo , Zo.0), (Zo-dYo- (o
—»0)[20—»0C0], Wo), (Ao—»(o - 0)BoCo, Xo) >

C-axiom: Ao_ (o - 0) ; C-theorem®Ao_ (o - 0)BoCo; lengthC)=4;
Inferential typ¢C)=(0- (0-0)) - 0
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Inferential Algebras Comp-ADS based [Gentilini-Martelli IC Section 3]

K a kind of Comp-ADS,;
then the class of ased inferential domaing XD} artypes Of modular LK ¢y
trees, and thenferential algebra

<0, {¥Da} artypes, =,*> on UaypesKDg are defined as follows:

0) A recursive bijection

O p{Aa: Aa closed formulgx{Ap :Apclosed formulp—{Aqg_p : Aa-p closed
formula} IS given, which is theanonical bijectiorof the algebra

) KDy (resp.KDi) is a denumerable set bK - sequent trees that have a
main Comp-ADS of kind K, and have Kinferential type o (resp.i); this
IS the set oK-modular trees of inferential type(gesp.i).

i) XDy set of K-modular trees of inferential type “Ds set of kmodular
trees of inferential typ®; then arecursive procedure=> is given,including
the recursive bijectiog as a componenacting on the pairs(Qy,Qs) IXDyxKDs,
such that =(Qy,Qs) Is a tree of K-inferential type y—- 0




20
Abstraction operation between trees

The set of the trees of the form=>(Qy,Qs) gives the domairkDy_5 .

—=>(Qy,Qs) IS also writtenQy=Qs and —is called the abstraction
operation of the inferential algebra; Qy, Qs are theabstracted treesf the
abstraction tree @=Qs3

Application _operation between trees
Having the domains YDg} artypes, for each pair of typesyandy-o0 a
recursive function

* KDy_,EXKDy — KD6
IS given, such that the treg(Qy_ 5,Qy) IS a tree of Kinferential typed, also
written Qy_ 5[ Qy .

Lis theapplication operationQy-. 5, Qy are thecontracted trees

The setlamypesKDg With the operations abstractient and applicatiorlis

called annferential algebra of.K w- sequent trees based on the Comp-ADS’
s of kind K
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i) the elements of *D, have the following form:

-8,
[+ iy (x,)

1R

where ' 1s the o-typed syntactic parameter having as index the Godel-number of B,;
i) the elements of *D; have the following form:

FAi- R,
FioAi ™ 3xiFipxi

R

where Fi—., 1s the -typed non logical constant having as index the Godel-number of A;;

LetP© and P' be the trees above



P iey=i0=0

{F" AR Aiim=1,...1] {T'FE_wiir=1...k}
il I,
X I-YLF 5..._..-11...] 1R U f’l”.rN[...t,-_.ﬂw,-_...] VR
XY, 3GF]. X UrV.N..E_pw;..|Vd, R

XUEYV306F 23 AV B V) o o
XU EYV, 3up(36F i ] A (N ] .. Vidp))

The treeP! = Qs the abstraction treeP' = P°
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The tree P{'Tr"“,_”-]_ﬂ} =P(F,_,) =P(G,) is the following

B S 2 Y
ITHC,vh, R Ay V-R
= (xaV hg) A =P iyaN by AR
AL 2 E:-I}, Vg ) A {.Fﬁ—"?y'ﬂ Vb, } H—R

U A Tua(Frs(xa Vhs) Al Vbs))
A Sug (3x,(x0 Vg ) A (11, V B ) ) Y (T (0, Vg ) 5 (Fp6¥a V B, )
[A - Elqﬂ—ﬂ(El”e?llEl-TrJ |Xo V hr’J‘} A (”ﬁ W bi}]} W (Eh-ﬁ- (—T-.‘.i' ¥ 'hfl} M (ffﬁ-—*ﬂ v ba_: ]'H

W-R
3-R

(consider the root of the proof segment above as the left premise of the ~-R rule below)

Q- \?‘cg—.{}]—-ﬂeﬁ—ﬂ
ﬂ l_ H[g—a}—frgfr—e] W dﬂ?

r.ﬂ...l;! |_ Hch—{i{auﬁ[?ﬂ-ﬂ{ra W hg ::' A (H-f,:- W bg}} W [ﬂTrJ{IrJ W I’!-ﬂ} FAY (qu—ﬂjlr.l N br:] l:' ] ]' M [I‘f’(tﬂ_ﬁ]_ﬁﬁg—ﬂ W d;_;::'
[LAQF Tro(3ge—o(Fu, (Fxs(x, Vi) A (e V B,) )V (T (X0 V) A (Go—o¥e VBs) ) AlreVd,))

v-R
M-R
=-R
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Inferential  Interpretations of typed formulas in the domains of
an Inferential Algebra

K a fixed suitable kind of Comp-ADS'’s
<0, {¥Da} artypes, =,*> inferential algebra, then
an inferential interpretation foLLK ¢, based onK is an injective function:
V: Daﬂtype{Ba |Ba closed fOI'mU@ — <g, {KDa} altypes, :>,*>

such that
i) V(Ba) U KDg, andis a sequent-tree of Kinferential type a, having a

unique main K-Comph-ADS T

) Bq Is a leftmost sub-term of the theorem the mai@omp-ADS T of
V(Bq): such element has therefore the foBwF,, Fyatom (on-logical constait

V is functionally soungdthat is:

) V(Ay-3)* V (By) = V (Ay-3By)
) V(By)= V (Cp) isidentical to V(g(By,Cs))
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Inferential Interpretations: remark

It must be remarked th&y never occurs as a standalék co-
theorem proved alongside the tr&By), and in particular
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Inferential interpretations ~ V in the inferential algebras

<0, {¥"Da} artypes, =,*>
based on the ADS kind Kr of the critical chains example

V(Bo) has the form :

rY B 3R
[ ||_| D(o (Xo)
V(—o0_0) hasthe form
Yy G IR
r ||_| CQ Dho [FR A“_l _lo_,oyg_ [FR
I_ ||_| D(g (Xg Dhg) A“_l _lo_,oyg Dbo_ [FR
I_,A“_' D(Q (Xg Dhg) D (_lo_,oyngg) [FR

r, A ||_| DJ() (D(o (Xo [] ho) [] (U()D bo))

the main critical chains 7 =< (Go, X)) , (ho-0oYo, W) > having inferential
type 0-0



27
Inferential interpretations ~ V in the inferential algebras

<0, {K"Da} artypes, =,*>:

Example

V(—0.0)*V(Bo) results as identical to M, _o0Bo) which has the form:

[ /—— —10.0Bo [} R
[ /- DXo (Xo)

the main critical chains < (=0.0Bo, X ) >
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Inferential Semantics: frames and truth

<0, {¥Da} artypes, =,*> inferential algebra
V: Daﬂtype{Ba :B(x closed formul}x—» <g, {KDa} altypes, :>,*> inf. interpretation

/A = consistent system extendingK w
such that the language(A) is an expansion of(LK¢) at most througha

denumerable set of new primitive non logical consthorteach type/.

Then,
an inferential semantics frame for LK ¢ is a triple{(g,{¥Dg4} V), A, 1)

where [ is thesemantical identity relatiomstablished in the algebly the
frame, that is so defined:

V(Aa) LV(Ba) Iff a proof Q inA exists of the senten@a=uoBa
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Inferential Semantics: truth

An inferential frame({ (g,{kDga} V), A, L)) is a sound functional denotation
for the logical constantef LK  iff the following conditions hold:

[V(Lb_(0-0))*V(Bo)]*V(Co) LN(T) iff V(B,)OV(T) andV(C,)TV(T)
[V(Lo-(0-0) ) * V(Bo)]* V(Co) V() otherwise

V(—o0-0)* V(Ao) LIV(T) iff V(Ao ) V(L)

V(=0-0)* V(Ao ) LN(J) otherwise

and so on for the other connectives

If the frame is a sound functional denotationthen a closed-typed formula
A is true in the inferential structuré(g,{¥D4} V)A, O) iff V(A) LV(T) , it
Is false iff V(A) LV(0).

It must be remarked thak /—— B=p T is a necessary but not a sufficient condition ffar truth

of B. The central requirements are the properties @firtferential algebra that allow to be a
sound denotation.
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Founding results for inferential semantics

Main Theorem (existence of inferential algebras allowing inferetial intepretations)
A kind K of Comp-ADS'’s is definable such that

) The set of inferential algebras of moduld (rtrees <g, {¥Da} artypes,
=,*> based on K is not empty

i) An algebra_a = <g, {KDg}amypes=,*> is definable having all the
properties required for an the image of an inferaninterpretation, and
such that the set of the functionally sound infeaémnterpretations is not
empty

Each logical operation between formugd Ay, interpreted as follows

if M is a binary logical connective thelBd)Ay is interpreted by \((l)*V(B3))* V(AY)

if A is a monadic logical connective th&Bg is interpreted byV(A)*V(BJ)

Inferential Semantics Theorem

A suitable kind K of Comph-ADS'’s exists such that:

) The class of frames based 8fDq} that are sound functional denotation for
the logical constants is not empty LK ¢» Is sound and complete with

respect to the class of inferential frames (strues) based of KDq}
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LK wrInferential  Algebras as semantical environment for
standard first order logic : searching for a semantics of first oder

proofs

A new step in the inferential semantics researognam is to investigate Type
TheoryLK ¢ and Inferential Algebras as semantical environnhent

standard first order logic

with the main aim of producing semantics of standard first order proofs ,
and possibly, to develop the perspective of giving
a semantics of proofs of standard finite order logis

Relevant preliminary steps for the main goal are:

First, the investigation of theomplexityof interpretation trees of first order
formulas In the K w -Inferential Algebrasrnf-Ag

then to show thatthe interpretation treesf first order logiccan give asub-
algebra of LK ¢ -Inferential Algebras allowing aompleteness theorenfor

first order logic[so that such sub-algebra isnaw semanticéor standard predicate
logic]
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First order logic inside LK:the system LK1

The language dfK1 is so defined:
The well formed expressionsf LK1 are Church-terms with the following
constraints
- variables are only of type
- A-abstractions are only over variables of typnd on formulas of type,

l.e. have only the formxiAp with typei - o
- Quantifiers occur only with typé - 0) - o i.e. with the forml{i_o -o ,

D(i -0) -0

- If T7is a type occurrence in ah¥1 -espression, no occurrences of the tgpe
In T precede any occurrence of the typer

- non-logical constants oK1 are only of a typer such that:

either in T the typeo does not occur, or the type has at most one
occurrence astail of 1; T has acondensed writingof the form: I 1 -

| -».... -U whereu is a primitive type, and ifi coincides witho thent is not
primitive (thuso-typed constants are excluded
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Deduction apparatus of LK1.:

It is identical toLK ¢~ deduction apparatugith the constraint that rules are
restricted to sequents dfK1 -formulas

TheA-rule must be preserved since it is hecessary insid€lech-syntax
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Reading the standard first order syntax inside LK1syntax

- Standard first order formulas are i€l expressions (Church terms) of type

0
- Standard terms of first order logic are th€l expressions of type

- Standard predicate letters &€l expressions that are non logical constants
of the form A _ ... _i_o

- Standard function letters ak&1 expressions that are non logical constants
of the form fi _ .. _i_i

- Standard logical connectives are €l logical constants

Remark Any Church sub-term of anK1-expression is anLKl1-
expression
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Sending LK1 into LK Inferential algebras

We will explore the wholeK ¢p and the inferential algebragf-4g ={<g,

{K'Dqa} artypes =, * >} based on the Comp-ADS kirkdr of the critical
chains, (g varying in the set of the canonical recursive diigns), as a Semantical
environment for first order logic.

Since LK1 -expressions are a subset bK ¢-formulas, anyinferential
Interpretation forLK .

V: Oantyped Ba: Bao closed formula }- < g, {X'Dg} artypes =,*>
also acts onLK1 -expressions.
We consider here onlthe class of Kr-inferential algebrasf-41y and the
class of Kr-inferential interpretationy that allow the completeness
theorem for LK .

Thus, for anyLK1-expressionFq ,V(Fa) Is sequent-tree innf-Ay ,V
functionally sound.
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Searching LK1 completeness inside Inf-A4

LK  Is sound and complete w.rrizf-4g with the interpretation V,
but obviously, the completeness fdf ( IS not the same as the completeness
for LK1.

The first states that i¥ols true In thernf-4g based frames thefy Is LK ¢r

provable,
the second would establish thaF o is LK1 provable too, which is a very
different matter.
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Semantical spectrum of a LK1- expression and compley
parameters
Definition Let Inf-44 be anyKr-inferential algebra and V any inferential
Interpretation folLK (.
Let Fo be anyLK1-expression. Then theemantical spectrum SpecFo)

of Fgin Inf-Ag Is the set of sequent tree¥ (Fa), V(Ey): Eyis a Church
sub-term ofg}

In the treesV(Ba) of Inf-4q we will consider the ADS’s which aitical
chains(bothstrongandweak and the followingcomplexity parameters

- theinferential typeof the critical chain ADS’s

- the length of the maximal critical chaiM(V(Bga)) of V(Ba) (which is the
number of Comp rule occurrences involved by thérr)ha

- the size of the tre¥(Bg) which is the highest number of proof lines in a branc
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Complexity of Inferential interpretations of LK1 logical and a-
logical expressions
Definition
We calllogical expression ofK1 any Church term ofLK1 where at least
one logical constant occurs
We call a-logical expression oEK1 any Church term oK1 where no
logical constants occur

Proposition LetFo be anyLK1 logical expressionThen
1< SizeV(Fa)) <12

Proposition LetFgobe anyLK1 logical expressionThen
1< length [M(V(Fq))] < 7

Thus, inferential interpretation trees of an LK1 logical expression are bounded
both as standard deduction objects (size of the sequetnée) and as non-standard
deduction objects (length of the maximal critical chin ADS)
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Complexity of Inferential interpretations of LK1 a-logical
expressions

Proposition

Let Cybe any a-logicalLK1 -expressionThen, in general, the size of the
trees inSpec(,)) is not bounded

Proposition
Let C, beany a-logicalLK1 -expressionThen
1< length [M(V(C)))] < 3

Such results reflect some facts:

- the trees oBpec()) in Inf-4yalso take into account tlagitiy of any predicate
letter or function letter occurring i@y

- the size oV (C,) depends on thieeightof the typey, the length oM(V(C)))
depends on therder of the typey

Moreover, it is remarkable that the maximum of thBSAsemantical complexity of
LK1 logical expressions is greater than that ofLiké a-logical expressions
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Inf-Ag sub-algebras characterizing LK1 and completeness

Theorem
Let SPEC1= [I{ SpecE) ): Eyis an LK1 -expression}. Then a canonical

bijection h exists such that SPEC1 is a sub-algebrau6f1, that allows the
completeness dfK1 w.r.t. the inferential semantics frames based.on |

We say that SPEC1, with the complexity bounds é&steddl by the stated
Propositionscharacterizes first order logic
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APPENDIX
The abstract deduction structurecritical chain
It Is the critical chain ADS that allows to define suitable inferential
Interpretations for the soundness and completarssé#s

In order to introduce the critical chains, itnscessary to define two kinds of

ancestor-descendant relation among terms/formulas a proof tree:
(The details are complicated and only some esseniraispman be given)

1)An ancestor-descendant relation which links folas of typeo that also
are isolated formulas: this is ti®lated ancestor-descendant relation
(isolated a.d. relatio)

such relation has a strong role in the expressioneohttion of propositional logical

rules, and mutually connects the auxiliary and mpalc propositions of a rule
occurrence.

) An ancestor-descendant relatidretween arbitrary termsit links terms
possibly having different types: this is therm ancestor-descendant relation
(term a.d. relatiol

which has a strong role in the expression of th®aof the Comp-rules and of
theA-rule. _In this relation the typehas not any particular status
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Strong and weak propositional inference
In order to define the notion of critical chain, dastinction between
propositional inferences has to be done:
the purpose is to include in a critical chain otilg propositional logical
Inference which is the farthest from weakening sulee. having the
uppermost ancestors of its auxiliary propositiamsoduced by axioms and
not by weakenings.

Definition

We callstrong propositional rulethe rules([FL,
[FR, [-L, =-R, =-L

and

weak propositional rulethe rulesFR, [}L, [-R.

i) In an isolated ancestor-descendant chain iroaff?,

B is a strong isolated descendant ofifAo element betweeA andB in the chain
(possibly exceph) is the principal proposition of a weak proposial rule,

B iIs a weak isolated descendant of A otherwise
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Critical Chain ADS: definition (1)

The ADS kind Kr of the critical chains gives thdarential algebras g;

{KDa} artypes , =,*> on which the Main Theorem and the Inferential
Semantics Theorem are based

Let P be aLK (- proof tree A critical chain T inP isthe Comp-ADSso
defined:

1) T can be written as a sequence of pairs of formolesurring in Pwhere
the types may range in the set of all types: 1,(BY),...,(A™, BM)

i) For each (A B), Al is a maximal auxiliary term of a Comp-rule
occurence in P, and Bis the principal term which is the successor of A

i) (A, BY) is called initial pair of the chain Al is the axiom of the chain
and has the following properties:
iiia) no term ancestor of occurs either in a strong isolated descendant of
the principal  proposition F of a Comp-rule occage in P, or In F itself

iiib) no term ancestor of Ais a principal term of a Comp-rule occurrence
in P
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Critical Chain ADS : definition (2)

iv) If (Al, B), (A*l, B*1) are consecutive pairs i, one among the
following conditions holds:
iva) B is a term ancestor of a sub-term of'lAhrough a term
ancestor-descendant chain in which no elementrdiffefrom B is a
principal term of a Comp-rule occurrence
ivb) B occurs as sub-term in A
ivc) Ai*l occurs either in a strong isolated descendanthefptrincipal
proposition F of the  Comp-rule occurrence in WwhiBis a principal
term, orin F itself
v) The pair (A", BM) is the end-pair off’, where A™Mis the theorem of
the chain; B™is such thaitt has not any term descendant which is sub-
term of a maximal auxiliary term of a Comp-rule. Since B is a bound

variable occurrence, it has an integral term ded&et either in the root of
P, or in a cut formula.
Remark: In the definition abovethe crucial point is iv), and it must be noted that: in iva), ivb)

the link between Band A+l is standardly given by a term a.d. chaihjle in ivc) the link
may be provided by an isolated a.d. chain includg strong propositional inference
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Critical chain ADS : comments

What is the essence of a critical chain? It is ieator-descendant relation
among formulas of arbitrary types in a branch,

which witnesses the action of a sequence of Congsruith possible
substantial intrusions of the principal propositioha strong propositional
rule.

That is, propositional inference is mixed with tGemp-rule action, under
the condition that it is completely extraneous wéhpect to the weakening.

Without this mix, a chain constituted only by aeant a.d. chain connecting
auxiliary and principal terms of a sequence of Conlps distributed in a
branch, would be much less expressive, and mania tr

It would not express the real impact of a Comp-roéeurrence, i.e. the
formulas really included in its action field.
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